We develop a magneto-elastic (ME) coupling model for the interaction between the vortex lattice and crystal elasticity. The theory extends the Kogan-Clem's anisotropic Ginzburg-Landau (GL) model to include the elasticity effect. The anisotropies in superconductivity and elasticity are simultaneously considered in the GL theory frame. We compare the field and angular dependences of the magnetization to the relevant experiments. The contribution of the ME interaction to the magnetization is comparable to the vortex-lattice energy, in materials with relatively strong pressure dependence of the critical temperature. The theory can give the appropriate slope of the field dependence of magnetization near the upper critical field. The magnetization ratio along different vortex frame axes is independent with the ME interaction. The theoretical description of the magnetization ratio is applicable only if the applied field moderately close to the upper critical field.
Introduction
It is well known that, the interaction between the defect-induced strain and the flux vortices in superconductors gives rise to the flux-pinning behaviors [1, 2] . Similarly, the elastic deformation caused by vortices, the so called magneto-elastic (ME) interaction, affects the energy of the vortex lattice. The vortex-induced strain is due to different specific volumes between the normal phase (vortex core) and the superconducting phase (superconducting matter around the vortex). The normal-state vortex cores acts as homogeneous strain sources, generating local deformations in Magneto-elastic coupling model of deformable anisotropic superconductors 3 deformation [16] . Besides, based upon the strain-dependent GL model, some analytical solution methods [17, 18] for the ME interaction in superconductors with specific shape are proposed.
In this paper, we develop a ME model accounting for the interaction of the vortex lattice and crystal elasticity. The theory extends the Kogan-Clem's anisotropic GL model [19] to consider the ME interaction. The superconducting anisotropy and elastic anisotropy are simultaneously included in the model, in contrast to the previous theories only considering one type of anisotropy. The theoretical results are compared with some magnetization experiments, and the effects of the ME interaction as well as the theory applicability are discussed. The paper is structured as: in section 2,
we establish the ME model and give the solutions near the upper critical field; in section 3, we apply the theory to calculate the elastic energy and magnetization; the theoretical results are compared with the relevant experiments in section 4; at last, we give the conclusions of the paper.
Magneto-elastic interaction in anisotropic superconductors

Anisotropic Ginzburg-Landau equations with strain effect
The GL theory with a phenomenological mass tensor ij M describes reasonably the major behaviors of anisotropic superconductors near the critical temperature c T . A new feature in deformable superconductors is the vortex-induced strain in terms of the elastic response of the crystal in the presence of vortex lattices. The free energy is [10]
Here, 
[The mean mass
T at zero strain and 0  is the GL coherence length  at temperature 0K, i.e. 
Here, all quantities are dimensionless, with the same notations as their dimensional counterparts. ( , , ) x x x , the anisotropic ME problem transforms into a quasi-isotropic one.
Varying the free energy (4) with respect to *  , i A and ij  , the equations of equilibrium in the vortex frame ( Fig.   1 ) can then be presented as [10, 16, 19] :
The elasticity equation 0
Eqs. (5a)-(5d) describes the ME behavior of deformable superconductors in the presence of vortex-induced strain.
The solutions for the GL equations near the upper critical field 2 c H have been well established for the isotropic case [20] . Based on this consideration, we introduce a new coordinate system 1 2 3 ( , , ) x x x (Fig. 1) where the inverse mass tensor ij  has the unit matrix form, i.e.  can be neglected [19] , and Eq. (6a) now reads
Solutions at the upper critical field
This looks exactly like the isotropic case of Abrikosov's classical treatment [20] . The solutions of Eq. (7) 
This reveals an important distinct feature in anisotropic superconductors at the immediate vicinity of 2 c H : the axial currents do exist in an array of vortices, and these currents vanishes when the vortices direct along one of the principal crystal axes a and c . In isotropic materials ( 13   ), there is no axial currents at any vortex directions. (1 )
Solutions near
Accounting for Eq. (11a), 3 Q has the order of (9) and (10)], we obtain the first Abrikosov identity in anisotropic case:
or in the vortex frame,
where 0 H is an arbitrary constant, and  has been given in Eq. (8a).
To normalize the solution 0  of the homogeneous equation (13) , one has to find the solution 01    to the exact nonlinear equation (12) . Substituting 01      and
(12), and with the help of Eqs. (13) and (14b), we have 
the second Abrikosov identity. Eq. (16) generalizes the Kogan-Clem's result without the ME interaction [19] , i.e. 0 ij   , to the anisotropic material with the ME effect.
Free energy
Bearing in mind that from Eq. (14b) the magnetic induction is
 can be obtained in terms of Eq. (16):
If we introduce the following notations 
(the last one is derived from the lattice structure [19] 
and expressing  in terms of Eq. (20), one has another form of the free energy:
Now let us go further with the last term in the free energy (22a), considering the effect of the vortex-induced strain with the help of elasticity equations (6c) and (6d). The Fourier form of the vortex induced strain ij u reads [16] 
where () i u q is the displacement component in Fourier space, and ij u is the homogenous strain induced by the vortex.
Applying Eq. (23) in Eqs. (6c) and (6d), we have 
With the help of Eqs. (25a) and (25b), the last term in the free energy (22a) now can be expressed as (the detailed derivation can be found in [16] )
The final form of the free energy can be written as , which coincides with the Kogan-Clem's result [19] . [10] . Thus, we can neglect  in the free energy (27b).
Application of the theory
Parameters
1.16
A   is a geometric constant for the triangular lattice [20] .
In deformable superconductors, the free energy (27b) depends on the strains via 
where 
Elastic energy
The elastic energy can be evaluated with the help of Eqs. (20) (26) (28) and (30b):
Magnetization
Following the approaches in [19] , one needs the expressions of the field H to obtain the magnetization 
1 2
Now the magnetization M in the vortex frame reads ( 1)sin cos cos sin
is independent with the vortex structure parameter A  and elasticity parameter e  . This extend the conclusion by Kogan and Clem [19] to the situation with the ME effect: the magnetization ratio is independent with the ME interaction.
The magnetization components in the crystal frame ( , , ) X Y Z is obtained by using the coordinate transformation relations in Eqs. (33a) and (33b): 
The magnetization ratio in the crystal frame is
Comparisons with experiments
Angular dependence of the upper critical field
Ghosh et al. [21] measure the anisotropic upper critical field in CaAlSi. The experimental results can be fitted with Eq. (8b), by choosing the appropriate anisotropic parameter  (Fig. 2) . The increases in the anisotropy parameter  with temperature coincides with the measurements in the same experiment. The similar temperature dependence is found in LaFeAsO 1-x F x thin films [22] , ranging from 3.2 at 2 K to 4.2 at 15 K. However, for MgB 2 ,  is decreasing with temperature [23] . The electronic band structure and anisotropic nature of the order parameter are responsible for these behaviors. H  (dots) in CaAlSi single crystal [21] . The insert shows the temperature dependence of the anisotropy parameter  , which is taken as the fitting parameter in Eq. (8b). 
Field dependence of mmagnetization
for calculation convenience.
According to the magnetization experiment [24] [5] . We obtain () MH shown in Fig. 3(a) . The calculation curve describes well the experimental data near Fig. 3(b) ], since the slope of () MH is not properly evaluated. 
